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COVARIANT DIFFERENTIAL CALCULUS OVER MONOIDAL HOM-HOPF
ALGEBRAS
SERKAN KARAC¸UHA
Abstract. Concepts of first order differential calculus (FODC) on a monoidal Hom-algebra
and left-covariant FODC over a left Hom-quantum space with respect to a monoidal Hom-Hopf
algebra are presented. Then, extension of the universal FODC over a monoidal Hom-algebra
to a universal Hom-differential calculus is described. Next, concepts of left(right)-covariant
and bicovariant FODC over a monoidal Hom-Hopf algebra are studied in detail. Subsequently,
notion of quantum Hom-tangent space associated to a bicovariant Hom-FODC is introduced and
equipped with an analogue of Lie bracket (commutator) through Woronowicz’ braiding. Finally,
it is proven that this commutator satisfies quantum versions of the antisymmetry relation and
Hom-Jacobi identity.
1. Introduction
Hom-type algebras were first introduced in the form of Hom-Lie algebras in [10], where the
Jacobi identity is replaced by the so-called Hom-Jacobi identity via a linear endomorphism. In
2008, Hom-associative algebras were suggested in [13] to induce a Hom-Lie algebra using the
commutator bracket. Other Hom-type structures such as Hom-coalgebras, Hom-bialgebras, Hom-
Hopf algebras and their properties were further investigated and developed in [1, 7, 8, 14, 15, 16,
21, 22, 23, 24]. In [2], the authors studied the Hom-bialgebras and Hom-Hopf algebras in the
context of tensor categories, and these objects are featured as monoidal. One can find further
research on monoidal Hom-Hopf algebras and structures on them such as Hom-Yetter-Drinfeld
modules and covariant Hom-bimodules in [3, 4, 9, 11, 12, 17].
The general theory of covariant differential calculi on quantum groups was introduced by S. L.
Woronowicz in [18], [19],[20]. Many results obtained in this paper in the Hom-setting follow from
the classical results appear in the fundamental reference [20]. In Section 2, after the notions of
first order differential calculus (FODC) on a monoidal Hom-algebra and left-covariant FODC over
a left Hom-quantum space with respect to a monoidal Hom-Hopf algebra are presented, the left-
covariance of a Hom-FODC is characterized. Then, in Section 3, extension of the universal FODC
over a monoidal Hom-algebra to a universal Hom-differential calculus (Hom-DC) is described
as well (for the classical case, that is, for the extension of a FODC over an algebra A to the
differential envelope of A one should refer to [6], [5]). Thereafter, in Section 4 and Section 5, the
concepts of left-covariant and bicovariant FODC over a monoidal Hom-Hopf algebra (H,α) are
studied in detail. A subobject R of kerε, which is a right Hom-ideal of (H,α), and a quantum
Hom-tangent space are associated to each left-covariant (H,α)-Hom-FODC: It is indicated that
left-covariant Hom-FODCs are in one-to one correspondence with these right Hom-ideals R, and
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that the quantum Hom-tangent space and the left coinvariant of the monoidal Hom-Hopf algebra
on Hom-FODC form a nondegenerate dual pair. The quantum Hom-tangent space associated to
a bicovariant Hom-FODC is equipped with an analogue of Lie bracket (or commutator) through
Woronowicz’ braiding and it is proven that this commutator satisfies quantum versions of the
antisymmetry relation and Hom-Jacobi identity, which is therefore called the quantum Hom-Lie
algebra of that bicovariant Hom-FODC. Throughout, we work with vector spaces over a field k.
2. Left-Covariant FODC over Hom-quantum spaces
Definition 2.1. Let (B, β) be a monoidal Hom-bialgebra. A right (B, β)-Hom-comodule algebra
(or Hom-quantum space) (A,α) is a monoidal Hom-algebra and a right (B, β)-Hom-comodule with
a Hom-coaction ρA : A → A ⊗ B, a 7→ a(0) ⊗ a(1) such that ρ
A is a Hom-algebra morphism, i.e.,
for any a, a′ ∈ A
(aa′)(0) ⊗ (aa
′)(1) = a(0)a
′
(0) ⊗ a(1)a
′
(1), ρ
A(1A) = 1A ⊗ 1B.
Definition 2.2. A first order differential calculus over a monoidal Hom-algebra (A,α) is an
(A,α)-Hom-bimodule (Γ, γ) with a linear map d : A→ Γ such that
(1) d satisfies the Leibniz rule, i.e., d(ab) = a · db+ da · b, ∀a, b ∈ A,
(2) d ◦ α = γ ◦ d, which means that d is in H˜(Mk),
(3) Γ is linearly spanned by the elements of the form (a · db) · c with a, b, c ∈ A.
We call (Γ, γ) an (A,α)-Hom-FODC for short.
Remark 2.3. (1) In the above definition, the second condition, i.e. d ◦α = γ ◦ d, is equivalent
to the equality d(1) = 0.
(2) By the compatibility condition for Hom-bimodule structure of (Γ, γ), we have (a · db) · c =
α(a) · (db ·α−1(c)), which implies that Γ is also linearly spanned by the elements a · (db · c)
for all a, b, c ∈ A. Thus we denote Γ = (A · dA) · A = A · (dA · A).
(3) By using the Leibniz rule and the fact that d(α(a)) = γ(da) for any a ∈ A, we get
(a · db) · c = (d(ab)− da · b) · c = d(ab) · c− (da · b) · c
= d(ab) · c− γ(d(a)) · (bα−1(c)) = d(ab) · c− d(α(a)) · (bα−1(c)),
and
α(a) · (db · α−1(c)) = α(a) · (d(bα−1(c)) − b · d(α−1(c)))
= α(a) · d(bα−1(c))− α(a) · (b · d(α−1(c)))
= α(a) · d(bα−1(c))− (ab) · d(c).
Hence, Γ = A · dA = dA · A.
Definition 2.4. Let (H, β) be a monoidal Hom-bialgebra and (A,α) be a left Hom-quantum
space for (H, β) (i.e. a left (H, β)-Hom-comodule algebra) with the left Hom-coaction ϕ : A →
H ⊗ A, a 7→ a(−1) ⊗ a(0). An (A,α)-Hom-FODC (Γ, γ) is called left-covariant with respect to
(H, β) if there is a left Hom-coaction φ : Γ → H ⊗ Γ, ω 7→ ω(−1) ⊗ ω(0) of (H, β) on (Γ, γ) such
that
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(1) φ(α(a) · (ω · b)) = ϕ(α(a))(φ(ω)ϕ(b)), ∀a, b ∈ A, ω ∈ Γ,
(2) φ(da) = (id⊗ d)ϕ(a), ∀a ∈ A
Condition (1) can equivalently be written as φ((a · ω) · α(b)) = (ϕ(a)φ(ω))ϕ(α(b)) by using
the Hom-bimodule compatibility conditions for (Γ, γ) and (H ⊗ Γ, β ⊗ γ), where left and right
(H ⊗ A, β ⊗ α)-Hom-module structures of (H ⊗ Γ, β ⊗ γ) are respectively given by
(h⊗ a)(h′ ⊗ ω) = hh′ ⊗ a · ω,
(h′ ⊗ ω)(h⊗ a) = hh′ ⊗ ω · a
for h, h ∈ H , a ∈ A and ω ∈ Γ. Condition (2) means that d : A → Γ is left (H, β)-colinear, since
the equality d ◦ α = γ ◦ d holds too.
One can see that for a given (A,α)-Hom-FODC (Γ, γ) there exists at most one morphism
φ : Γ → H ⊗ Γ in H˜(Mk) which makes (Γ, γ) left-covariant: Indeed, if there is one such φ, then
by the conditions (1) and (2) in Definition 2.4 we do the following computation
φ
(∑
i
ai · dbi
)
=
∑
i
φ(γ−1(ai · dbi) · 1A) =
∑
i
φ((α−1(ai) · γ
−1(dbi)) · 1A)
=
∑
i
(ϕ(α−1(ai))φ(γ
−1(dbi)))ϕ(1A)
=
∑
i
([(β−1 ⊗ α−1)(ϕ(ai))][(β
−1 ⊗ γ−1)(φ(dbi))])(1H ⊗ 1A)
=
∑
i
[(β−1 ⊗ γ−1)(ϕ(ai)φ(dbi))](1H ⊗ 1A)
=
∑
i
ϕ(ai)φ(dbi) =
∑
i
ϕ(ai)(id⊗ d)(ϕ(bi)),
showing that ϕ and d describe φ uniquely.
Proposition 2.5. Let (Γ, γ) be an (A,α)-Hom-FODC. Then the following statements are equiv-
alent:
(1) (Γ, γ) is left-covariant.
(2) There is a morphism φ : Γ → H ⊗ Γ in H˜(Mk) such that φ(a · db) = ϕ(a)(id ⊗ d)(ϕ(b))
for all a, b ∈ A.
(3)
∑
i ai · dbi = 0 in Γ implies that
∑
i ϕ(ai)(id⊗ d)(ϕ(bi)) = 0 in H ⊗ Γ.
Proof. (1)⇒ (2) and (2)⇒ (3) are trivial.
(3)⇒ (1) : Let φ : Γ→ H ⊗ Γ be defined by the equation
φ(
∑
i
ai · dbi) =
∑
i
ϕ(ai)(id⊗ d)(ϕ(bi))
as was obtained in the above computation. By using hypothesis (3) it is immediate to see that
φ is well-defined. If we write ϕ(a) = a(−1) ⊗ a(0) for any a ∈ A and φ(ω) = ω(−1) ⊗ ω(0) for all
ω ∈ Γ, then for ω =
∑
i ai · dbi ∈ Γ we have
φ(ω) = ω(−1) ⊗ ω(0) =
∑
i
ai,(−1)bi,(−1) ⊗ ai,(0) · dbi,(0),
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where we have used the notation ϕ(ai) = ai,(−1)⊗ai,(0). Now we prove that φ is a left Hom-coaction
of (H, β) on (Γ, γ):
β−1(ω(−1))⊗ φ(ω(0)) =
∑
i
β−1(ai,(−1)bi,(−1))⊗ φ(ai,(0) · dbi,(0))
=
∑
i
β−1(ai,(−1))β
−1(bi,(−1))⊗ ai,(0)(−1)bi,(0)(−1) ⊗ ai,(0)(0) · dbi,(0)(0)
=
∑
i
ai,(−1)1bi,(−1)1 ⊗ ai,(−1)2bi,(−1)2 ⊗ α
−1(ai,(0)) · d(α
−1(bi,(0)))
=
∑
i
(ai,(−1)bi,(−1))1 ⊗ (ai,(−1)bi,(−1))2 ⊗ γ
−1(ai,(0) · dbi,(0))
= ∆(ω(−1))⊗ γ
−1(ω(0)),
ε(ω(−1))ω(0) =
∑
i
ε(ai,(−1)bi,(−1))ai,(0) · dbi,(0)
=
∑
i
ε(ai,(−1))ai,(0) · d(ε(bi,(−1))bi,(0))
=
∑
i
α−1(ai) · d(α
−1(bi)) = γ
−1(ω),
φ(γ(
∑
i
ai · dbi)) = φ(
∑
i
α(ai) · d(α(bi)))
=
∑
i
ϕ(α(ai))(id⊗ d)(ϕ(α(bi)))
= (β ⊗ α)(ϕ(ai))(id⊗ d)((β ⊗ α)(ϕ(bi)))
=
∑
i
β(ai,(−1))β(bi,(−1))⊗ α(ai,(0)) · d(α(bi,(0)))
= (β ⊗ γ)(φ(
∑
i
ai · dbi)).
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Let ω =
∑
i ai · dbi ∈ Γ, and a, b ∈ A. Then we have
φ(α(a) · (ω · b))
= φ(α(a) · (
∑
i
(ai · dbi) · b))
= φ(α(a) · (
∑
i
(α(ai) · d(biα
−1(b))− (aibi) · db)))
= φ(
∑
i
[(aα(ai)) · d(α(bi)b)− (a(aibi)) · d(α(b))])
=
∑
i
ϕ(aα(ai))(id⊗ d)(ϕ(α(bi)b))−
∑
i
ϕ(a(aibi))(id⊗ d)(ϕ(α(b)))
=
∑
i
(ϕ(a)ϕ(α(ai)))(id ⊗ d)(ϕ(α(bi)b))−
∑
i
(ϕ(a)ϕ(aibi))(id⊗ d)(ϕ(α(b)))
=
∑
i
ϕ(α(a))(ϕ(α(ai))(id⊗ d)(ϕ(biα
−1(b))))−
∑
i
ϕ(α(a))(ϕ(aibi)(id⊗ d)(ϕ(b)))
= ϕ(α(a))(
∑
i
ϕ(α(ai))(id⊗ d)(ϕ(biα
−1(b)))−
∑
i
ϕ(aibi)(id⊗ d)(ϕ(b)))
= ϕ(α(a))(
∑
i
ϕ(α(ai))(id⊗ d)(ϕ(biα
−1(b)))−
∑
i
(ϕ(ai)ϕ(bi))(id⊗ d)(ϕ(b)))
= ϕ(α(a))(
∑
i
ϕ(α(ai))[(id⊗ d)(ϕ(biα
−1(b)))− ϕ(bi)(id⊗ d)(ϕ(α
−1(b)))])
= ϕ(α(a))(
∑
i
ϕ(α(ai))[((id ⊗ d)(ϕ(bi)))ϕ(α
−1(b))])
= ϕ(α(a))([
∑
i
ϕ(ai)(id⊗ d)(ϕ(bi))]ϕ(b))
= ϕ(α(a))(φ(ω)ϕ(b)),
which is the first condition of Definition 2.4. For any a ∈ A, we get
φ(da) = φ(1A · γ
−1(da)) = φ(1A · d(α
−1(a)))
= ϕ(1A)(id⊗ d)(ϕ(α
−1(a)))
= (1H ⊗ 1A)[((id⊗ d) ◦ (β
−1 ⊗ α−1))(ϕ(a))]
= (1H ⊗ 1A)[((β
−1 ⊗ γ−1) ◦ (id⊗ d))(ϕ(a))] = (id⊗ d)(ϕ(a)),
which is the second condition of Definition 2.4. 
3. Universal Differential Calculus of a Monoidal Hom-Algebra
In the theory of quantum groups, a differential calculus is a substitute of the de Rham complex
of a smooth manifold for arbitrary algebras. In this section, the definition of differential calculus
over a monoidal Hom-algebra (abbreviated, Hom-DC) is given and the construction of the universal
differential calculus of a monoidal Hom-algebra (universal Hom-DC) is outlined.
Definition 3.1. A graded monoidal Hom-algebra is a monoidal Hom-algebra (A,α) together with
subobjects An, n ≥ 0 (that is, for each k-submodule An ⊆ A, (An, α|An) ∈ H˜(Mk)) such that
A =
⊕
n≥0
An,
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1 ∈ A0, and AnAm ⊆ An+m for all n,m ≥ 0.
Definition 3.2. A differential calculus over a monoidal Hom-algebra (A,α) is a graded monoidal
Hom-algebra (Γ =
⊕
n≥0 Γ
n, γ) with a linear map d : Γ → Γ, in H˜(Mk), of degree one (i.e.,
d : Γn → Γn+1) such that
(1) d2 = 0,
(2) d(ωω′) = d(ω)ω′ + (−1)nωd(ω′) for ω ∈ Γn, ω′ ∈ Γ (graded Leibniz rule),
(3) Γ0 = A, γ|Γ0 = α, and Γ
n is a linear span of the elements of the form
a0(da1(· · · (dan−1dan) · · · )) with a0, · · · , an ∈ A, n ≥ 0.
A differential Hom-ideal of (Γ, γ) is a Hom-ideal I of the monoidal Hom-algebra (Γ, γ) (that is, I
is a subobject of (Γ, γ) such that (ΓI)Γ = Γ(IΓ) ⊂ I) such that I ∩ Γ0 = {0} and I is invariant
under the differentiation d.
Let us write γn for γ|Γn for all n ≥ 0. Then, the map d ∈ H˜(Mk) means that d ◦ γn = γn+1 ◦ d
for all n ≥ 0. Let I be a differential Hom-ideal of a (A,α)-Hom-DC (Γ, γ). Then, γ induces
an automorphism γ¯ of Γ¯ := Γ/I and (Γ¯, γ¯) is a monoidal Hom-algebra. Since the condition
I ∩ Γ0 = {0} holds, Γ¯0 = Γ0 = A. On the other hand, let π : Γ → Γ¯ be the canonical surjective
map and define d¯ : Γ¯→ Γ¯ by d¯(π(ω)) := π(d(ω)) for any ω ∈ Γ. Thus, (Γ¯, γ¯) is again a Hom-DC
on (A,α) with differentiation d¯.
In the rest of the section, the construction of the universal differential calculus on a monoidal
Hom-algebra (A,α) is discussed. Let (A,α) be a monoidal Hom-algebra with Hom-multiplication
mA : A⊗A→ A. The linear map d : A→ A⊗A, in H˜(Mk), given by
da := 1⊗ α−1(a)− α−1(a)⊗ 1, ∀a ∈ A
satisfies the Leibniz rule: For a, b ∈ A,
a · db+ da · b = a · (1⊗ α−1(b)− α−1(b)⊗ 1) + (1⊗ α−1(a)− α−1(a)⊗ 1) · b
= α−1(a)1 ⊗ α(α−1(b))− α−1(a)α−1(b)⊗ 1
+ 1⊗ α−1(a)α−1(b)− α(α−1(a))⊗ 1α−1(b)
= a⊗ b− α−1(ab)⊗ 1 + 1⊗ α−1(ab)− a⊗ b = 1⊗ α−1(ab)− α−1(ab)⊗ 1
= d(ab).
For any a ∈ A, we get
(d ◦ α)(a) = d(α(a)) = 1⊗ a− a⊗ 1
= (α⊗ α)(1 ⊗ α−1(a)− α−1(a)⊗ 1) = (α⊗ α)(da),
meaning d is in H˜(Mk). Let Ω1(A) be the (A,α)-Hom-subbimodule of (A⊗ A,α⊗ α) generated
by elements of the form a · db for a, b ∈ A. Then we have
Ω1(A) = ker mA.
Indeed, if a · db ∈ Ω1(A), then
mA(a · db) = mA(a⊗ b− α
−1(ab)⊗ 1) = ab− α−1(ab)1 = 0.
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On the other hand, if
∑
i ai ⊗ bi ∈ ker mA (
∑
i denotes a finite sum), then
∑
i aibi = 0, thus we
write
∑
i
ai ⊗ bi =
∑
i
(ai ⊗ bi − α
−1(aibi)⊗ 1) =
∑
i
ai · (1 ⊗ α
−1(bi)− α
−1(bi)⊗ 1) =
∑
i
ai · dbi.
The left and right (A,α)-Hom-module structures of (Ω1(A), β) = (Ω1(A), (α ⊗ α)|ker mA) are
respectively given by
a · (b · dc) = (α−1(a)b) · d(α(c)) (a · db) · c = α(a) · d(bα−1(c)) − (ab) · dc,
for any a, b, c ∈ A. (Ω1(A), β) is called the universal first order differential calculus of monoidal
Hom-algebra (A,α).
Let A¯ := A/k · 1 be the quotient space of A by the scalar multiples of the Hom-unit and let a¯
denote the equivalence class a+ k · 1 for any a ∈ A. α induces an automorphism α¯ : A¯→ A¯, a¯ 7→
α¯(a¯) = α(a) and (A¯, α¯) ∈ H˜(Mk). Let A ⊗ A¯ = Ω1(A) by the identification a0 ⊗ a1 7→ a0da1.
This identification is well-defined since d1 = 0, and one can easily show that it is an (A,α)-
Hom-bimodule isomorphism once the Hom-bimodule structure of (A ⊗ A¯, α ⊗ α¯) is given by, for
b ∈ A,
b(a0 ⊗ a1) = α
−1(b)a0 ⊗ α(a1), (a0 ⊗ a1)b = α(a0)⊗ a1α−1(b)− a0a1 ⊗ b¯.
Now, we set
Ωn(A) := ⊗
(n)
A (Ω
1(A)) = Ω1(A)⊗A (⊗
(n−1)
A (Ω
1(A))).
Above, ⊗
(n)
A (Ω
1(A)) has been put for
T nA(Ω
1(A)) = ⊗t
n
A (Ω
1(A), · · · ,Ω1(A)) = Ω1(A)⊗A (Ω
1(A)⊗A (· · · (Ω
1(A) ⊗A Ω
1(A)) · · · )),
where tn is a fixed element in the set Tn of planar binary trees with n leaves and one root, which
corresponds to the parenthesized monomial x1(x2(· · · (xn−1xn) · · · )) in n noncommuting variables
(see [?] e.g.). One should also refer to [2, Section 6] for the construction of tensor Hom-algebra
applied to an object (M,µ) ∈ H˜(Mk)). So, we have, for any n ≥ 0,
Ωn(A) = A⊗ (⊗(n)(A¯)) = A⊗ (A¯⊗ (A¯⊗ (· · · (A¯⊗ A¯) · · · )))
by the correspondence (A⊗ A¯)⊗A (A⊗ (⊗(n−1)(A¯))) = A⊗ (⊗
(n)
A (A¯)), in H˜(Mk),
(a0 ⊗ a1)⊗A (a2 ⊗ (⊗
(n−1)(a3, · · · , an+1))) 7→ α(a0)⊗ (⊗
n(α−1(a1a2), a3, · · · , an+1))
−a0a1 ⊗ (⊗
n(a2, · · · , an+1)),
where we have used the notation ⊗(n)(a1, · · · , an) for a1⊗(a2⊗(· · · (an−1⊗an) · · · )). To the object
A ⊗ (⊗(n)(A¯)) we associate the automorphism α ⊗ (⊗(n)(α¯)) : A ⊗ (⊗(n)(A¯)) → A ⊗ (⊗(n)(A¯))
given by
a0 ⊗ (⊗
(n)(a1, · · · , an)) 7→ α(a0)⊗ (⊗
(n)(α(a1), · · · , α(an))),
for a0 ∈ A and ai ∈ A¯, i = 1, · · · , n.
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On
⊕∞
n=0Ω
n(A), we define the differential by the linear mapping d : A ⊗ (⊗(n)(A¯)) → A ⊗
(⊗(n+1)(A¯)) of degree one by
(3.1) d(a0 ⊗ (a1 ⊗ (· · · (an−1 ⊗ an) · · · ))) = 1⊗ (α−1(a0)⊗ (· · · (α−1(an−1)⊗ α−1(an)) · · · )).
We immediately obtain d2 = 0 from the fact that 1¯ = 0. If we start with an ∈ A, multiplying on
the left and applying d repeatedly gives us the following
a0 ⊗ (a1 ⊗ (· · · (an−1 ⊗ an) · · · )) = a0(da1(da2(· · · (dan−1dan) · · · ))),
where a0(da1(da2(· · · (dan−1dan) · · · ))) = a0 ⊗A (da1 ⊗A (da2 ⊗A (· · · (dan−1 ⊗A dan) · · · ))).
We make
⊕∞
n=0Ω
n(A) an (A,α)-Hom-bimodule as follows. The left (A,α)-Hom-module struc-
ture is given by, for b ∈ A and a0(da1(da2(· · · (dan−1dan) · · · ))) ∈ Ω
n(A), n ≥ 1,
b(a0(da1(da2(· · · (dan−1dan) · · · ))))
= (α−1(b)a0)(d(α(a1))(d(α(a2))(· · · (d(α(an−1))d(α(an)) · · · ))).
We now get the right (A,α)-Hom-module structure: One can show that, for b ∈ A, a0da1 ∈ Ω1(A),
a0(da1da2) ∈ Ω2(A) and a0(da1(da2da3)) ∈ Ω3(A), the following equations hold:
(a0da1)b = α(a0)d(a1α
−1(b))− (a0a1)db,
(a0(da1da2))b = α(a0)(d(α(a1))d(a2α
−2(b)))− α(a0)(d(a1a2)d(α
−1(b)))
+ (a0α(a1))(d(α(a2))d(α
−1(b))),
(a0(da1(da2da3)))b
= α(a0)(d(α(a1))(d(α(a2))d(a3α
−3(b))))− α(a0)(d(α(a1))(d(a2a3)d(α
−2(b))))
+ α(a0)(d(a1α(a2))(d(α(a3))d(α
−2(b))))− (a0α(a1))(d(α
2(a2))(d(α(a3))d(α
−2(b)))).
By induction, one can also prove that the equation
COVARIANT DIFFERENTIAL CALCULUS OVER MONOIDAL HOM-HOPF ALGEBRAS 9
(a0(da1(da2(· · · (dan−1dan) · · · ))))b
= (−1)n(a0α(a1))(d(α
2(a2))(d(α
2(a3))(· · · d(α
2(an−1))(d(α(an))d(α
−(n−1)(b))) · · · )))
+
n−3∑
i=1
(−1)n−iα(a0)(d(α(a1))(· · · d(α(ai−1))(d(aiα(ai+1))(d(α
2(ai+2))(· · ·
d(α2(an−1))(d(α(an))d(α
−(n−1)(b))) · · · ))) · · · ))
+ α(a0)(d(α(a1))(· · · d(α(an−3))(d(an−2α(an−1))(d(α(an))d(α
−(n−1)(b)))) · · · ))
− α(a0)(d(α(a1))(· · · d(α(an−2))(d(an−1an)d(α
−(n−1)(b))) · · · ))
+ α(a0)(d(α(a1))(· · · (d(α(an−1))d(anα
−n(b))) · · · ))
holds for a0(da1(da2(· · · (dan−1dan) · · · ))) ∈ Ωn(A), n ≥ 4.
Next, we define the Hom-multiplication between any two parenthesized monomials, by using
the right Hom-module structure given above, as
[a0(da1(· · · (dan−1dan) · · · ))][an+1(dan+2(· · · (dan+k−1dan+k) · · · ))]
= [(α−1(a0)(d(α
−1(a1))(· · · (d(α
−1(an−1))d(α
−1(an)) · · · ))))an+1](3.2)
[d(α(an+2))(· · · (d(α(an+k−1))d(α(an+k)) · · · ))],
for ωn = a0(da1(· · · (dan−1dan) · · · )) ∈ Ωn(A) and ωk−1 = an+1(dan+2(· · · (dan+k−1dan+k) · · · ))
∈ Ωk−1(A). For any n ≥ 4, we explicitly write the above multiplication:
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ωnωk−1
= [a0(da1(· · · (dan−1dan) · · · ))][an+1(dan+2(· · · (dan+k−1dan+k) · · · ))]
= [(α−1(a0)(d(α
−1(a1))(· · · (d(α
−1(an−1))d(α
−1(an)) · · · ))))an+1]
[d(α(an+2))(· · · (d(α(an+k−1))d(α(an+k)) · · · ))]
= [(−1)n(α−1(a0)a1)(d(α(a2))(d(α(a3))(· · · d(α(an−1))(d(an)d(α
−(n−1)(an+1))) · · · )))
+
n−3∑
i=1
(−1)n−ia0(d(a1)(· · · d(ai−1)(d(α
−1(ai)ai+1)(d(α(ai+2))(· · ·
d(α(an−1))(d(an)d(α
−(n−1)(an+1))) · · · ))) · · · ))
+ a0(d(a1)(· · · d(an−3)(d(α
−1(an−2)an−1)(d(an)d(α
−(n−1)(an+1)))) · · · ))
− a0(d(a1)(· · · d(an−2)(d(α
−1(an−1an))d(α
−(n−1)(an+1))) · · · ))
+ a0(d(a1)(· · · (d(an−1)d(α
−1(an)α
−n(an+1))) · · · ))]
[d(α(an+2))(· · · (d(α(an+k−1))d(α(an+k)) · · · ))]
= (−1)n(a0α(a1))(d(α
2(a2))(· · · d(α
2(an−1))(d(α(an))(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · ))) · · · ))
+
n−3∑
i=1
(−1)n−iα(a0)(d(α(a1))(· · · d(α(ai−1))(d(aiα(ai+1))(d(α
2(ai+2))(· · · d(α
2(an−1))
(d(α(an))(d(α
−(n−1)(an+1))(· · · (d(α
−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · ))) · · · ))) · · · ))
+ α(a0)(d(α(a1))(· · · d(α(an−3))(d(an−2α(an−1))(d(α(an))(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · ))
− α(a0)(d(α(a1)) · · · d(α(an−2))(d(an−1an−1)(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )) · · · ))
+ α(a0)(d(α(a1))(· · · d(α(an−2))(d(α(an−1))(d(α
−1(an)α
−n(an+1))(d(α
−(n−1)(an+2))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · ))
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On the other hand, we have the following computations for ωn and ωk−1 given above:
dωnωk−1
= [da0(da1(· · · (dan−1dan) · · · ))][an+1(dan+2(· · · (dan+k−1dan+k) · · · ))]
= [(d(α−1(a0))(d(α
−1(a1))(· · · (d(α
−1(an−1))d(α
−1(an)) · · · ))))an+1]
[d(α(an+2))(· · · (d(α(an+k−1))d(α(an+k))) · · · )]
= (−1)n+1α(a0)(d(α(a1))(· · · (d(α(an−1))(dan(d(α
−n(an+1))(· · ·
(d(α−n(an+k−1))d(α
−n(an+k))) · · · )))) · · · ))
+ (−1)nd(a0α(a1))(d(α
2(a2))(· · · (d(α
2(an−1))(d(α(an))(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · ))
+
n−2∑
i=2
(−1)n+1−id(α(a0))(· · · (d(α(ai−2))(d(ai−1α(ai))(d(α
2(ai+1))(· · · (d(α
2(an−1))
(d(α(an))(d(α
−(n−1)(an+1))(· · · (d(α
−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · )))) · · · )
+ d(α(a0))(· · · (d(α(an−3))(d(an−2α(an−1))(d(α(an))(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · ))))) · · · )
− d(α(a0))(· · · (d(α(an−2))(d(an−1an)(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · )
+ d(α(a0))(· · · (d(α(an−1))(d(α
−1(an)α
−n(an+1))(d(α
−(n−1)(an+2))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · )
and
ωndωk−1
= [a0(da1(· · · (dan−1dan) · · · ))][dan+1(· · · (dan+k−1dan+k) · · · )]
= α(a0)([da1(· · · (dan−1dan) · · · )][d(α
−1(an+1))(· · · (d(α
−1(an+k−1))d(α
−1(an+k))) · · · )])
= α(a0)(d(α(a1))(· · · (d(α(an−1))(d(an)(d(α
−n(an+1))(· · ·
(d(α−n(an+k−1))d(α
−n(an+k))) · · · )))) · · · )).
Thus, the equation below holds:
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dωnωk−1 + (−1)
nωndωk−1
= (−1)nd(a0α(a1))(d(α
2(a2))(· · · (d(α
2(an−1))(d(α(an))(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · ))
+
n−2∑
i=2
(−1)n+1−id(α(a0))(· · · (d(α(ai−2))(d(ai−1α(ai))(d(α
2(ai+1))(· · · (d(α
2(an−1))
(d(α(an))(d(α
−(n−1)(an+1))(· · · (d(α
−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · )))) · · · )
+ d(α(a0))(· · · (d(α(an−3))(d(an−2α(an−1))(d(α(an))(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · ))))) · · · )
− d(α(a0))(· · · (d(α(an−2))(d(an−1an)(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · )
+ d(α(a0))(· · · (d(α(an−1))(d(α
−1(an)α
−n(an+1))(d(α
−(n−1)(an+2))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · )
= (−1)nd(a0α(a1))(d(α
2(a2))(· · · (d(α
2(an−1))(d(α(an))(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · ))
+
n−3∑
i=1
(−1)n−id(α(a0))(· · · (d(α(ai−1))(d(aiα(ai+1))(d(α
2(ai+2))(· · · (d(α
2(an−1))
(d(α(an))(d(α
−(n−1)(an+1))(· · · (d(α
−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · )))) · · · )
+ d(α(a0))(· · · (d(α(an−3))(d(an−2α(an−1))(d(α(an))(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · ))))) · · · )
− d(α(a0))(· · · (d(α(an−2))(d(an−1an)(d(α
−(n−1)(an+1))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · )
+ d(α(a0))(· · · (d(α(an−1))(d(α
−1(an)α
−n(an+1))(d(α
−(n−1)(an+2))(· · ·
(d(α−(n−1)(an+k−1))d(α
−(n−1)(an+k))) · · · )))) · · · )
= d(ωnωk−1),
which is the graded Leibniz rule. Next, we verify by induction that the following identity holds:
(3.3) d(a0(da1(· · · (dan−1dan) · · · ))) = da0(da1(· · · (dan−1dan) · · · ))
using the graded Leibniz rule and the equation d2 = d ◦ d = 0. For a0da1 ∈ Ω1(A),
d(a0da1) = da0da1 + (−1)
0a0d(d(a1)) = da0da1.
Suppose now that the identity
d(a0(da1(· · · (dan−2dan−1) · · · ))) = da0(da1(· · · (dan−2dan−1) · · · ))
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holds for a0(da1(· · · (dan−2dan−1) · · · )) ∈ Ωn−1(A), that is, if we replace ai with ai+1 for i =
0, · · · , n − 1, we have d(a1(da2(· · · (dan−1dan) · · · ))) = da1(da2(· · · (dan−1dan) · · · )). Thus, for
a0(da1(· · · (dan−1dan) · · · )) ∈ Ωn(A),
d(a0(da1(· · · (dan−1dan) · · · )))
= da0(da1(da2(· · · (dan−1dan) · · · ))) + (−1)
0a0d(da1(da2(· · · (dan−1dan) · · · )))
= da0(da1(da2(· · · (dan−1dan) · · · ))) + (−1)
0a0d(d(a1(da2(· · · (dan−1dan) · · · ))))
= da0(da1(da2(· · · (dan−1dan) · · · ))).
Let (Γ, γ) be another Hom-DC on (A,α) with differential d˜ and let the morphism ψ : Ω(A)→ Γ,
in H˜(Mk), be given by
ψ(a) = a and ψ(a0(da1(· · · (dan−1dan) · · · ))) = a0(d˜a1(· · · (d˜an−1d˜an) · · · )), n ≥ 1
for a ∈ A, a0(da1(· · · (dan−1dan) · · · )) ∈ Ωn(A). Clearly, ψ is surjective by its definition. Now,
let N := kerψ be the kernel of ψ. From the equations (3.2) and (3.3) it is concluded that N is
a differential Hom-ideal of Ω(A). Thus, Γ is identified with Ω(A)/N showing the universality of
Ω(A).
4. Left-Covariant FODC over Monoidal Hom-Hopf Algebras
4.1. Left-Covariant Hom-FODC and Their Right Hom-ideals. Let (H,α) be a monoidal
Hom-Hopf algebra with a bijective antipode throughout the section. (H,α) is a left Hom-quantum
space for itself with respect to the Hom-comultiplication ∆ : H → H ⊗H,h 7→ h1 ⊗ h2. Thus, by
applying Definition 2.4 to the monoidal Hom-Hopf algebra (H,α) we obtain the following
Definition 4.1. A FODC (Γ, γ) over the monoidal Hom-Hopf algebra (H,α) is said to be left-
covariant if (Γ, γ) is a left-covariant FODC over the left Hom-quantum space (H,α) with left
Hom-coaction ϕ = ∆ in Definition 2.4.
Remark 4.2. According to Proposition 2.5, an (H,α)-Hom-FODC (Γ, γ) is left-covariant if and
only if there exists a morphism φ : Γ→ H ⊗ Γ in H˜(Mk) such that, for h, g ∈ H ,
(4.4) φ(h · dg) = ∆(h)(id⊗ d)(∆(g)).
In the proof of Proposition 2.5, it has been shown that if there is such a morphism φ, it defines
a left Hom-comodule structure of (Γ, γ) on (H,α) and satisfies
φ(α(h) · (ω · g)) = ∆(α(h))(φ(ω)∆(g))
for h, g ∈ H and ω ∈ Γ. From this it follows that (Γ, γ) is a left-covariant (H,α)-Hom-bimodule.
Let (Γ, γ) be a left-covariant (H,α)-Hom-FODC with derivation d : H → Γ. By the above
remark (Γ, γ) is a left-covariant (H,α)-Hom-bimodule, and then by adapting the structure theory
of left-covariant Hom-bimodules, which is discussed in Lemma 4.7 and Proposition 4.9 in [11],
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to (Γ, γ) we summarize the following results. We have the unique projection PL : (Γ, γ) →
(coHΓ, γ|coHΓ) given by PL(̺) = S(̺(−1))̺(0), for all ̺ ∈ Γ, such that
PL(h · ̺) = ε(h)γ(PL(̺)), ̺ = ̺(−1)PL(̺(0))
and
PL(̺ · h) = a˜dR(h)(PL(̺)) =: PL(̺)⊳ h
for any h ∈ H and ̺ ∈ Γ. Let us now define a linear mapping ωΓ : H
d
→ Γ
PL→ coHΓ by
ωΓ(h) = PL(dh), ∀h ∈ H.
Obviously, it is in H˜(Mk), that is, ωΓ ◦ α = γ ◦ ωΓ. Since φ(dh) = (dh)(−1) ⊗ (dh)(0) = (id ⊗
d)(∆(h)) = h1 ⊗ dh2 by the above remark, we obtain
(4.5) ωΓ(h) = PL(dh) = S(h1) · dh2, ∀h ∈ H.
On the other hand, we can write dh = (dh)(−1) · PL((dh)(0)) = h1 · PL(dh2), that is,
(4.6) dh = h1 · ωΓ(h2), ∀h ∈ H.
We will drop the subscript Γ from ωΓ(·). By definition, for any h ∈ H , ω(h) ∈ coHΓ. Conversely,
let ̺ =
∑
i hi · dgi ∈
coHΓ for hi, gi ∈ H . Then
̺ = PL(̺) =
∑
i
ε(hi)γ(PL(dgi)) =
∑
i
ε(hi)γ(ω(gi)) =
∑
i
ε(hi)ω(α(gi)),
showing that ρ ∈ ω(H). Thus, we get ω(H) = coHΓ which implies that Γ = H ·ω(H) = ω(H)·H
and hence any k-linear basis of ω(H) is a left (H,α)-Hom-module basis and a right (H,α)-Hom-
module basis for (Γ, γ).
For h, g ∈ H , we get
ω(h)⊳ g = PL(ω(h) · g) = PL((S(h1) · dh2) · g)
= PL(S(α(h1)) · (dh2 · α
−1(g))) = ε(S(α(h1)))γ(PL(dh2 · α
−1(g)))
= ε(h1)γ(PL(dh2 · α
−1(g))) = γ(PL(d(α
−1(h)) · α−1(g)))
= γ(PL(d(α
−1(hg))− α−1(h) · d(α−1(g))))
= γ(ω(α−1(hg)))− γ(ε(α−1(h))γ(PL(d(α
−1(g)))))
= ω(hg)− ε(h)γ2(ω(α−1(g))) = ω(hg)− ε(h)ω(α(g))
= ω(hg − ε(h)α(g)) = ω((h− ε(h)1)g).
Thus, by setting the notation h¯ := h− ε(h)1, we have
(4.7) ω(h)⊳ g = a˜dR(g)(ω(h)) = ω(h¯g),
and we rewrite the (H,α)-Hom-bimodule structure as
(4.8) g′ · (g · ω(h)) = (α−1(g′)g) · ω(α(h)),
(4.9) (g′ · ω(h)) · g = (g′g1) · (ω(h)⊳ g2) = (g
′g1) · ω(h¯g2),
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for g, g′, h ∈ H .
In the following example we introduce the universal FODC over monoidal Hom-Hopf-algebra
(H,α).
Example 4.3. We define (Ω1(H), β) := (H ⊗ kerε, α⊗α′), where α′ = α|kerε. Let us denote the
element 1 ⊗ α−1(g¯) = 1 ⊗ α−1(g), for g ∈ H , by ω(g). Thus we identify g ⊗ h¯ ∈ Ω1(H), where
g, h ∈ H , with g · ω(h). We then introduce the Hom-bimodule structure of Ω1(H) as in (4.8) and
(4.9), for all g, g′, h ∈ H ,
g′ · (g · ω(h)) := (α−1(g′)g) · ω(α(h)),
(g′ · ω(h)) · g := (g′g1) · ω(h¯g2),
and a linear mapping
d : H → Ω1(H), h 7→ h1 ⊗ h2 = h1 · ω(h2).
For any g, h ∈ H ,
g · dh+ dg · h = g · (h1 · ω(h2)) + (g1 · ω(g2)) · h
= (α−1(g)h1) · ω(α(h2)) + (g1h1) · ω(g2h2)
= (α−1(g)h1) · ω(α(h2)) + (g1h1) · ω(g2h2)− (g1h1)ω((ε(g2)1)h2)
= (α−1(g)h1) · ω(α(h2)) + (g1h1) · ω(g2h2)− (α
−1(g)h1) · ω(α(h2))
= (g1h1) · ω(g2h2) = (gh)1ω((gh)2)
= d(gh),
showing that d satisfies the Leibniz rule.
d(α(h)) = α(h1) · ω(α(h2)) = α(h1) · β(ω(h2)) = β(h1 · ω(h2)) = β(dh),
which means that d ∈ H˜(Mk).
ω(h) = ω(α(ε(h1)h2)) = ε(h1)ω(α(h2))
= ε(h1)β(ω(h2)) = (ε(h1)1) · ω(h2)
= (S(h11)h12) · ω(h2) = (S(α
−1(h1))h21) · ω(α(h22))
= α(S(α−1(h1))) · (h21 · β
−1(ω(α(h22))))
= S(h1) · (h21 · ω(h22)) = S(h1) · d(h2),
which proves that Ω1(H) = H · dH . Therefore, (Ω1(H), β) is an (H,α)-Hom-FODC.
For another (H,α)-Hom-FODC (Γ, γ) with differentiation d¯ : H → Γ, let us define the linear
map ψ : Ω1(H) → Γ by ψ(h · dg) = h · d¯g, where g, h ∈ H . It is well-defined: Suppose that
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i hi · dgi = 0 in Ω
1(H), where hi, gi ∈ H . Then we have∑
i
hi · dgi =
∑
i
hi · (gi,1 ⊗ gi,2) =
∑
i
α−1(hi)gi,1 ⊗ α(gi,2)
=
∑
i
α−1(hi)gi,1 ⊗ α(gi,2) =
∑
i
α−1(hi)gi,1 ⊗ (α(gi,2)− ε(α(gi,2))1)
=
∑
i
[α−1(hi)gi,1 ⊗ α(gi,2)− α
−1(hi)gi,1ε(gi,2)⊗ 1)]
=
∑
i
[α−1(hi)gi,1 ⊗ α(gi,2)− α
−1(higi)⊗ 1)] = 0.
So, by applying (m⊗ id) ◦ a˜−1 ◦ (id⊗ S ⊗ id) ◦ (id⊗∆) to
∑
i
hi · dgi =
∑
i
[α−1(hi)gi,1 ⊗ α(gi,2)− α
−1(higi)⊗ 1)] = 0,
we acquire the equality
∑
i(hi ⊗ gi − α
−1(higi)⊗ 1) = 0. Thus
∑
i hi · d¯gi = 0 in Γ concluding
that ψ is well-defined. On the other hand we prove that ψ ∈ H˜(Mk):
ψ(β(h · dg)) = ψ(α(h) · β(dg)) = ψ(α(h) · d(α(g)))
= α(h) · d¯(α(g)) = α(h) · γ(d¯(g)) = γ(h · d¯g) = γ(ψ(h · dg)).
The subobject (kerψ, β|kerψ) = (N , β
′) is an (H,α)-Hom-subbimodule of (Ω1(H), β): Indeed,
for h′ ∈ H and h · dg ∈ N ,
ψ(h′ · (h · dg)) = ψ((α−1(h′)h) · d(α(g))) = (α−1(h′)h) · d¯(α(g))
= h′ · (h · d¯g) = h′ · ψ(h · dg) = 0,
ψ((h · dg) · h′) = ψ(α(h) · d(gα−1(h′))− (hg) · dh′)
= α(h) · d¯(gα−1(h′))− (hg) · d¯h′ = α(h) · d¯(gα−1(h′))− α(h) · (g · d¯(α−1(h′)))
= α(h) · (d¯g · α−1(h′)) = (h · d¯g) · h′ = 0.
Hence we have the quotient object (Ω1(H)/N , β¯) as (H,α)-Hom-bimodule, where the automor-
phism β¯ is induced by β and define the (H,α)-bilinear map ψ¯ : Ω1(H)/N → Γ, h · dg 7→ h · d¯g,
which is surjective by definition. Since kerψ¯ = N , ψ¯ is 1-1, showing that Γ is isomorphic to the
quotient Ω1(H)/N . Therefore (Ω1(H), β) is the universal Hom-FODC over (H,α).
We define the subobject
(4.10) RΓ = {h ∈ kerε| ωΓ(h) = 0}
of (kerε, α|kerε) for a given left-covariant (H,α)-Hom-FODC (Γ, γ), which is clearly a Hom-
ideal of (H,α). We now prove that there is a one-to-one correspondence between left-covariant
(H,α)-Hom-FODC’s and right Hom-ideals R.
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Proposition 4.4. (1) Let (R, α′′) be a right Hom-ideal of (H,α) which is a subobject of
(kerε, α′), where α′′ = α|R. Then N := H · ωΩ1(H)(R) is an (H,α)-Hom-subbimodule
of (Ω1(H), β). Furthermore, (Γ, γ) := (Ω1(H)/N , β¯) is a left-covariant Hom-FODC over
(H,α) such that RΓ = R.
(2) For a given left-covariant (H,α)-Hom-FODC (Γ, γ), RΓ is a right Hom-ideal of (H,α)
and Γ is isomorphic to Ω1(H)/H · ωΩ1(H)(RΓ).
Proof. (1) For any h ∈ R and g ∈ H , we have
ω(h) · g = (1g1) · (β
−1(ω(h))⊳ g2) = α(g1) · (ω(α
−1(h))⊳ g2)
= α(g1) · ω(α
−1(h¯)g2) = α(g1) · ω(α
−1(h)g2),
which is in H · ωΩ1(H)(R), and hence N = H · ωΩ1(H)(R) is an (H,α)-Hom-subbimodule
of Ω1(H) = H · ωΩ1(H)(H). So, (Γ = Ω
1(H)/N , β¯) is a (H,α)-Hom-FODC with differen-
tiation d¯ : H → Γ, h 7→ d¯h = π(dh) = h1 · ω(h2) + N , where π : Ω1(H) → Ω1(H)/N is
the natural projection.
Let φ : Ω1(H) → H ⊗ Ω1(H), h · ω(g) 7→ α(h1) ⊗ h2 · ω(α−1(g)) be the Hom-coaction
for the left-covariant Hom-FODC (Ω1(H), β). Since, for h · ω(r) ∈ N we have
φ(h · ω(r)) = α(h1)⊗ h2 · ω(α
−1(r)) ∈ H ⊗N ,
that is, φ(N ) ⊆ H⊗N , φ passes to a left Hom-action of (H,α) on (Γ, β¯) as φ¯(h·ω(g)+N ) =
α(h1)⊗ (h2 · ω(α−1(g)) +N ). For g, h ∈ H , we get
∆(g)(id⊗ d¯)(∆(h))
= (g1 ⊗ g2)(h1 ⊗ d¯h2)
= g1h1 ⊗ g2 · (h21 · ω(h22) +N ) = g1h1 ⊗ (g2 · (h21 · ω(h22)) +N )
= g1h1 ⊗ ((α
−1(g2)h21) · ω(α(h22)) +N )
= g1α(h11)⊗ ((α
−1(g2)h12) · ω(h2) +N ) = φ¯(α
−1(g)h1 · ω(α(h2)) +N )
= φ¯(g · (h1 · ω(h2)) +N ) = φ¯(g · d¯h),
proving the left-covariance of (Γ, β¯) with respect to (H,α). Thus, we have the projection
PL : Γ→ coHΓ given by
PL(h · ω(g) +N ) = ε(h)ω(α(g)) +N
for h · ω(g) ∈ Ω1(H).
For h ∈ R,
ωΓ(h) = PL(d¯h) = PL(h1 · ω(h2) +N ) = ε(h1)ω(α(h2)) +N = ω(h) +N = N = 0Γ,
implying that R ⊆ RΓ. On the contrary, if ωΓ(h) = 0Γ for some h ∈ kerε, then ω(h) ∈
N = H · ω(R), that is, h ∈ R, i.e., RΓ ⊆ R. Therefore, R = RΓ.
(2) Since (Γ, γ) is a left-covariant Hom-FODC, a˜dR(g)(ω(h)) = ω(h¯g) holds for g, h ∈ H .
Hence, for h ∈ RΓ and g ∈ kerε, we have ωΓ(hg) = ωΓ(h¯g) = a˜dR(g)(ωΓ(h)) = 0 since
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ωΓ(h) = 0. Therefore, RΓ is a subobject of kerε which is a right Hom-ideal of (H,α).
Thus, Γ ≃ Ω1(H)/H · ωΩ1(H)(RΓ) by (1).

4.2. Quantum Hom-Tangent Space. In the theory of Lie groups, if A = C∞(G) is the algebra
of smooth functions on a Lie group G and R is the ideal of A consisting of all functions vanishing
with first derivatives at the neutral element of G, then the vector space of all linear functionals on
A annihilating 1 of A and R is identified with the tangent space at the neutral element, i.e., with
the Lie algebra of G. In the theory of quantum groups, this consideration gives rise to the notion
of quantum tangent space associated to a left-covariant FODC Γ on a Hopf algebra A, which is
defined as the vector space
TΓ = {X ∈ A
′|X(1) = 0, X(a) = 0, ∀a ∈ RΓ},
where RΓ = {a ∈ kerεA| PL(da) = 0}. In what follows, we study the Hom-version of the
quantum tangent space.
We recall that the dual monoidal Hom-algebra (H ′, α¯) of (H,α) consists of functionals X :
H → k and is equipped with the convolution product (XY )(h) = X(h1)Y (h2), for X,Y ∈ H ′
and h ∈ H , as Hom-multiplication and with the Hom-unit ε : H → k, where automorphism
α¯ : H ′ → H ′ is given by α¯(X) = X ◦ α−1. The morphism
H ′ ⊗H → H,X ⊗ h 7→ X • h := α2(h1)X(α(h2)),
in H˜(Mk), makes (H,α) a left (H ′, α¯)-Hom-module.
Definition 4.5. Let (Γ, γ) be a left-covariant (H,α)-Hom-FODC. Then the subobject
(4.11) TΓ = {X ∈ H
′|X(1) = 0, X(h) = 0, ∀h ∈ RΓ}
of (H ′, α¯), in H˜(Mk), is said to be the quantum Hom-tangent space to (Γ, γ).
Proposition 4.6. Let (Γ, γ) be a left-covariant (H,α)-Hom-FODC and (TΓ, α¯′) be the quantum
Hom-tangent space to it, where α¯′ = α¯|TΓ. Then, there is a unique bilinear form < ·, · >: TΓ×Γ→
k in H˜(Mk) such that
(4.12) < X, h · dg >= ε(h)X(g), ∀g, h ∈ H, X ∈ TΓ.
With respect to this bilinear form, (TΓ, α¯′) and ( coHΓ, γ′) = (ω(H), γ′) form a nondegenerate
dual pairing, where γ′ = γ|coHΓ. Moreover, we have
(4.13) < X,ω(h) >= X(α−1(h)), ∀h ∈ H,X ∈ TΓ.
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Proof. We define < X, ̺ >:= X(
∑
i ε(hi)gi) =
∑
i ε(hi)X(gi) for X ∈ H
′ and ̺ =
∑
i hi · dgi ∈ Γ.
Suppose that ̺ =
∑
i hi · dgi = 0. Then
0 = PL(γ
−1(ρ)) =
∑
i
PL(α
−1(hi)d(α
−1(gi)))
=
∑
i
ε(α−1(hi))γ(PL(d(α
−1(gi))))
=
∑
i
ε(hi)γ(ω(α
−1(gi)))
= ω
(∑
i
ε(hi)gi
)
,
hence ω(
∑
i ε(hi)gi) = 0, which implies that
∑
i ε(hi)gi ∈ RΓ. Thus, by the definition of TΓ we
get
< X, ρ > = X
(∑
i
ε(hi)gi
)
= X
(∑
i
(ε(hi)gi + ε(hi)ε(gi)1)
)
= X
(∑
i
ε(hi)gi
)
+
∑
i
ε(hi)ε(gi)X(1) = 0,
which proves that the bilinear form < ·, · > is well-defined. Uniqueness comes immediately from
the fact that Γ = H · dH . Since
< α¯(X), γ(̺) > = (X ◦ α−1)
(∑
i
ε(α(hi))α(gi)
)
=
∑
i
ε(α(hi))(X ◦ α
−1)(α(gi))
= X
(∑
i
ε(hi)gi
)
=< X, ̺ >,
the bilinear form < ·, · > is in H˜(Mk). For any h ∈ H , < X,ω(h) >=< X,S(h1) · dh2 >=
ε(h1)X(h2) = X(ε(h1)h2) = X(α
−1(h)), which is the formula (4.13). For any h ∈ kerε, if
< X,ω(h) >= X(α−1(h)) = 0, ∀X ∈ TΓ, then α−1(h) ∈ RΓ: Suppose that the element 0 6=
α−1(h) ∈ kerε is not contained in RΓ. Then we can extend α−1(h) to a basis of kerε and find
a functional X ∈ TΓ such that X(α−1(h)) 6= 0, which contradicts with the hypothesis of the
statement. So we have h ∈ RΓ since ω ◦ α−1 = γ−1 ◦ ω. On the other hand < X,ω(h) >=
X(α−1(h)) = α¯(X)(h) = 0 for all ω(h) ∈ ω(H) implies α¯(X) = 0, that is, X = 0. Hence, (TΓ, α¯′)
and ( coHΓ, γ′) = (ω(H), γ′) form a nondegenerate dual pairing with respect to < ·, · >. 
Let {Xi}i∈I be a linear basis of TΓ and {ωi}i∈I be the dual basis of coHΓ, that is, < Xi, ωj >= δij
for i, j ∈ I. Also, from Theorem (4.17) in [11], recall the family of functionals {f ij}i,j∈I in the
definition of the Hom-action coHΓ⊗H → coHΓ, ωi⊗ h 7→ ωi ⊳ h = f
i
j(h)ωj , where all but finitely
many f ij(h) vanish and Einstein summation convention is used. These functionals satisfy, for all
h, g ∈ H and i, j ∈ I,
f ij(hg) = (γ¯
i
kf
k
l )(h)f
l
j(α(g)), f
i
j(1) = γ
i
j ,
where γ′(ωi) = γ
i
jωj and γ
′−1(ωi) = γ¯
i
jωj such that γ
i
j γ¯
j
k = δik = γ¯
i
jγ
j
k.
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Proposition 4.7. For h, g ∈ H, we have
(4.14) dh = (Xi • α
−2(h)) · ωi,
(4.15) Xi(hg) = ε(h)(γ
j
iXj)(g) +Xk(h)(γ
l
i f¯
k
l )(g),
where f¯kl = γ¯
k
pf
p
l .
Proof. By the formula 4.13, we have < Xi, ω(h) >= Xi(α
−1(h)) implying ω(h) = Xi(α
−1(h))ωi.
Thus, dh = h1 · ω(h2) = h1 · (Xi(α−1(h2)ωi)) = (Xi • α−2(h)) · ωi which is the formula 4.14. By
using this formula and the Leibniz rule, we obtain
(Xl • α
−2(hg)) · ωl = d(hg) = dh · g + h · dg
= ((Xj • α
−2(h)) · ωj) · g + h · ((Xi • α
−2(g)) · ωi)
= α(Xj • α
−2(h)) · (ωj · α
−1(g)) + (α−1(h)(Xi • α
−2(g))) · γ′(ωi)
= α(Xj • α
−2(h)) · ((f¯ jk • α
−2(g)) · ωk) + (α
−1(h)(Xi • α
−2(g))) · (γikωk)
= ((Xj • α
−2(h))(f¯ jk • α
−2(g))) · (γkl ωl) + (α
−1(h)(Xi • α
−2(g))) · (γilωl)
= [(Xj • α
−2(h))((γkl f¯
j
k) • α
−2(g)) + α−1(h)((γilXi) • α
−2(g))] · ωl,
hence, by replacing α−2(h) and α−2(g) by h and g, respectively, we get
Xl • (hg) = α(h)((γ
i
lXi) • g) + (Xj • h)((γ
k
l f¯
j
k) • g), l ∈ I.
By applying ε to the both sides of this equation we acquire
Xl(hg) = ε(h)(γ
l
iXi)(g) +Xj(h)(γ
l
kf¯
k
j )(g),
since, for any h ∈ H and f ∈ H ′, the equality ε(f • h) = ε(α2(h1))f(α(h2)) = ε(h1)f(α(h2)) =
f(α(ε(h1)h2)) = f(h) holds. 
Let (A,α) be a monoidal Hom-algebra. Then we consider A′ ⊗ A′, where A′ = Hom(A, k), as
a linear subspace of (A ⊗ A)′ by identifying f ⊗ g ∈ A′ ⊗A′ with the linear functional on A ⊗ A
specified by (f ⊗ g)(a⊗ a′) := f(a)g(a′) for a, a′ ∈ A. For f ∈ H ′, let us define ∆(f) ∈ (A⊗ A)′
by ∆(f)(a⊗ b) := f(ab) for a, b ∈ A. We now denote, by A◦, the set of all functionals f ∈ A′ such
that ∆(f) ∈ A′ ⊗A′, i.e., it is written as a finite sum
∆(f) =
P∑
p=1
fp ⊗ gp
for some functionals fp, gp ∈ A′, p = 1, ..., P , where P is a natural number so that we have
f(ab) =
∑
p fp(a)gp(b). Then (A
◦, α◦) is a monoidal Hom-coalgebra with Hom-comultiplication
given above and the Hom-counit is defined by ε(f) = f(1A), where α
◦(f) = f ◦ α−1 for any
f ∈ A◦: Let f ∈ A◦ and ∆(f) =
∑
p fp ⊗ gp such that the functionals {fp}
P
p=1 are chosen to be
linearly independent. So, one can find aq ∈ A such that fp(aq) = δpq. Thus we get
gq(ab) =
∑
p
δqpgp(ab) =
∑
p
fp(aq)gp(ab) = f(aq(ab))
= f((α−1(aq)a)α(b)) =
∑
p
fp(α
−1(aq)a)gp(α(b)),
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showing that gq ∈ A◦, and analogously fq ∈ A◦, and hence ∆(f) ∈ A◦ ⊗ A◦. Let f ∈ A◦ and
a, b, c ∈ A. Then we have the Hom-coassociativity of ∆:
(α¯−1 ⊗∆)(∆(f))(a ⊗ b ⊗ c) = f(α(a)(bc)) = f((ab)α(c)) = (∆⊗ α¯−1)(∆(f))(a⊗ b⊗ c).
On the other hand,
(id⊗ ε)(∆(f))(h) =
(∑
p
α¯(fp)gp(1A)
)
(h) =
∑
p
fp(α
−1(h))gp(1A) = f(h)
shows that Hom-counity is satisfied.
Suppose that (A,α) is a monoidal Hom-bialgebra, then the monoidal Hom-coalgebra (A◦, α◦)
endowed with the convolution product, as in the argument before Lemma (4.16) in [11], is as well
a monoidal Hom-bialgebra with the Hom-unit given by the Hom-counit ε of the monoidal Hom-
coalgebra (A,α): One can easily check the compatibility condition between Hom-comultiplication
and Hom-multiplication of (A◦, α◦) which follows from that of (A,α). So, it suffices to verify that
for any f, g ∈ A◦, fg is also in A◦: If we put ∆(f) =
∑
p fp ⊗ gp and ∆(g) =
∑
q hq ⊗ kq, then we
get
(fg)(ab) = ∆(fg)(a⊗ b) =
∑
p,q
fphq(a)gpkq(b) =
(∑
p,q
fphq ⊗ gpkq
)
(a⊗ b),
so that fg ∈ A◦.
If (A,α) is a monoidal Hom-Hopf algebra, then so is (A◦, α◦) with antipode defined by S(f)(a) =
f(S(a)) for f ∈ A◦ and a ∈ A: Set ∆(f) =
∑
p fp ⊗ gp, and then we obtain
∆(S(f))(a ⊗ b) = S(f)(ab) = f(S(ab)) =
∑
p
S(fp)(b)S(gp)(a) =
(∑
p
S(gp)⊗ S(fp)
)
(a⊗ b),
implying S(f) ∈ A◦. Lastly, for a ∈ A, we have
((m(S ⊗ id)∆)(f))(a) =
∑
p
(S(fp)gp)(a) = ε(a)f(1) = 1A◦(a)εA◦(f) = ((η ◦ ε)(f))(a),
similarly we get ((m(id⊗ S)∆)(f))(a) = ((η ◦ ε)(f))(a).
We then call the monoidal Hom-coalgebra (respectively, Hom-bialgebra, Hom-Hopf algebra) A◦
above the dual monoidal Hom-coalgebra (respectively, Hom-bialgebra, Hom-Hopf algebra). Suppose
now that the vector space TΓ is finite dimensional. Then we assert from Theorem (4.17) in [11]
and (4.15) that the functionals f ij and Xl are in the dual monoidal Hom-Hopf algebra H
◦ and we
have the following equations, where there is summation over repeating indices,
(4.16) ∆(f ij) = f¯
i
l ⊗ f
l
j ◦ α,
(4.17) ∆(Xl) = Xj ⊗ γ
k
l f¯
j
k + ε⊗ γ
l
iXi
in H◦.
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5. Bicovariant FODC over Monoidal Hom-Hopf Algebras
5.1. Right-Covariant Hom-FODC.
Definition 5.1. Let (H, β) be a monoidal Hom-bialgebra. A FODC (Γ, γ) over a right Hom-
quantum space (A,α) with right Hom-coaction ϕ : A → A ⊗ H, a 7→ a[0] ⊗ a[1] is called right-
covariant with respect to (H, β) if there exists a right Hom-coaction φ : Γ→ Γ⊗H, ω 7→ ω[0]⊗ω[1]
of (H, β) on (Γ, γ) such that
(1) φ(α(a) · (ω · b)) = ϕ(α(a))(φ(ω)ϕ(b))[= (ϕ(a)φ(ω))ϕ(α(b)) = φ(a ·ω) · b], ∀a, b ∈ A, ω ∈ Γ,
(2) φ(da) = (d⊗ id)(ϕ(a)), ∀a ∈ A
Let (H,α) be a monoidal Hom-Hopf algebra with an invertible antipode S. Since (H,α) is a
right Hom-quantum space for itself with respect to the Hom-comultiplication ∆ : H → H⊗H,h 7→
h1 ⊗ h2, the above definition induces the following definition.
Definition 5.2. A (H,α)-Hom-FODC (Γ, γ) is said to be right-covariant if (Γ, γ) is a right-
covariant FODC over the right Hom-quantum space (H,α) with right Hom-coaction ϕ = ∆ in the
above definition, or in an equivalent way if there is a morphism φ : Γ → Γ ⊗H in H˜(Mk) such
that, for h, g ∈ H ,
(5.18) φ(h · dg) = ∆(h)(d ⊗ id)(∆(g)).
If we modify the Proposition 2.5 to the right-covariant case, we conclude that the right-covariant
(H,α)-Hom-FODC (Γ, γ) is a right-covariant (H,α)-Hom-bimodule. Thus, by using the unique
projection PR : (Γ, γ)→ (ΓcoH , γ|ΓcoH ), PR(ρ) = ω[0] · S(ω[1]) we define the linear mapping
ηΓ : H → Γ
coH , η(h) := PR(dh),
for any h ∈ H , in H˜(Mk), for which η(H)ΓcoH . Since φ(dh) = dh1 ⊗ h2, we have, for h ∈ H
η(h) = dh1 · S(h2) and dh = η(h1) · h2.
5.2. Bicovariant Hom-FODC.
Definition 5.3. A (H,α)-Hom-FODC (Γ, γ) is said to be bicovariant if it is both left-covariant
and right-covariant FODC.
Remark 5.4. By the Remark 4.2 and the Definition 5.2, a (H,α)-Hom-FODC (Γ, γ) is bicovariant
if and only if there exist morphisms φL : Γ → H ⊗ Γ and φR : Γ → Γ ⊗H in H˜(Mk), satisfying
the equations 4.4 and 5.18, respectively. So, if (Γ, γ) is a bicovariant (H,α)-Hom-FODC with
Hom-coactions φL and φR satisfying 4.4 and 5.18 we get, for h, g ∈ H ,
(id⊗ φR)(φL(h · dg)) = (id⊗ φR)(h1g1 ⊗ h2 · dg2) = h1g1 ⊗ (h21 · dg21 ⊗ h22g22),
(a˜ ◦ (φL ⊗ id))(φR(h · dg)) = (a˜ ◦ (φL ⊗ id))(h1 · dg1 ⊗ h2g2)
= α(h11g11)⊗ (h12 · dg12 ⊗ α
−1(h2g2))
= h1g1 ⊗ (h21 · dg21 ⊗ h22g22).
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Thus, (Γ, γ) is a bicovariant (H,α)-Hom-bimodule and the whole structure theory of bicovariant
Hom-bimodules can be applied to it.
Lemma 5.5. Let (H,α) be a monoidal Hom-Hopf algebra. Then
(1) the linear mapping A˜dR : H → H ⊗H given by
A˜dR(h) = α(h12)⊗ S(h11)α
−1(h2) = α(h21)⊗ S(α
−1(h1))h22
is a right Hom-coaction of (H,α) on itself.
(2) The linear mapping A˜dL : H → H ⊗H given by
A˜dL(h) = α(h11)S(α
−1(h2))⊗ α(h12) = α
−1(h1)S(h22)⊗ α(h21)
is a left Hom-coaction of (H,α) on itself. A˜dR and A˜dL are called adjoint right Hom-
coaction and adjoint left Hom-coaction of (H,α) on itself, respectively
Proof. (1) If we write A˜dR(h) = h[0] ⊗ h[1] for h ∈ H , then the Hom-coassociativity follows
from
α−1(h[0])⊗∆(h[1]) = α
−1(α(h12))⊗∆(S(h11)α
−1(h2))
= h12 ⊗ S(h112)α
−1(h21)⊗ S(h111)α
−1(h22)
= α2(h1212)⊗ S(α(h1211))h122 ⊗ S(α
−1(h11))α
−2(h22)
= α2(h1212)⊗ S(α(h1211))h122 ⊗ α
−1(S(h11)α
−1(h22))
= h[0][0] ⊗ h[0][1] ⊗ α
−1(h[1]),
where in the third step we have used
h11 ⊗ α(h1211)⊗ h1212 ⊗ α
−1(h122)⊗ h2 = α(h111)⊗ h112)⊗ α
−2(h12)⊗ α
−2(h21)⊗ α(h22),
which results from
((idH ⊗ a˜H,H,H)⊗ idH) ◦ ((idH ⊗ (∆⊗ idH))⊗ idH)
◦((idH ⊗∆)⊗ idH) ◦ (∆⊗ idH) ◦∆
= (a˜H,H,H⊗H ⊗ idH) ◦ ((∆ ⊗ idH⊗H)⊗ idH) ◦ (a˜H,H,H ⊗ idH)
◦a˜−1H⊗H,H,H ◦ (idH⊗H ⊗∆) ◦ (∆⊗ idH) ◦∆.
Hom-unity condition: For any h ∈ H ,
h[0]ε(h[1]) = α(h12)ε(S(h11)α
−1(h2)) = α(h12)ε(h11)ε(h2)
= α(ε(h11)h12)ε(h2) = h1ε(h2) = α
−1(h),
and one can also easily show that A˜dR◦α = (α⊗α)◦A˜dR. Thus A˜dR is a right Hom-action
of (H,α) onto itself.
(2) In a similar manner, it can be proven that A˜dL is a left Hom-action of (H,α) onto itself.

With the next lemma we describe the right Hom-coaction φR on a left-invariant form ωΓ(h) and
the left Hom-coaction φL on a right-invariant form ηΓ(h) by means of A˜dR and A˜dL, respectively.
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Lemma 5.6. For h ∈ H, we have the formulas
(1) φR(ω(h)) = (ω ⊗ id)(A˜dR(h)),
(2) φL(η(h)) = (id⊗ η)(A˜dL(h)).
Proof. (1) For h ∈ H ,
φR(ω(h)) = ∆(S(h1))(d ⊗ id)(∆(h2))
= (S(h12)⊗ S(h11))(dh21 ⊗ h22) = S(h12) · dh21 ⊗ S(h11)h22
= S(α(h121)) · d(α(h122))⊗ S(h11)α
−1(h2)
= ω(α(h12))⊗ S(h11)α
−1(h2) = (ω ⊗ id)(α(h12)⊗ S(h11)α
−1(h2))
= (ω ⊗ id)(A˜dR(h)).
(2) Similarly, one can show that the equality φL(η(h)) = (id⊗ η)(A˜dL(h)) holds.

Proposition 5.7. Suppose that (Γ, γ) is a left-covariant (H,α)-Hom-FODC with associated right
Hom-ideal RΓ. Then (Γ, γ) is a bicovariant (H,α)-Hom-FODC if and only if A˜dR(R) ⊆ R⊗H,
that is, R is A˜dR-invariant.
Proof. If (Γ, γ) is a bicovariant Hom-FODC, then the equation obtained in Lemma (5.6) holds.
It implies that A˜dR(R) ⊆ R ⊗ H since R = (h ∈ kerε| ω(h) = 0). On the contrary, suppose
that A˜dR(R) ⊆ R ⊗ H . We know that the universal Hom-FODC Ω1(H) is bicovariant. So,
by applying Lemma (5.6) to the bicovariant Hom-FODC Ω1(H) and using the AdR-invariance
of R, we conclude that theright Hom-action of Ω1(H) passes to the quotient Ω1(H)/N , where
N := HωΩ1(H)((R)), which is right-covariant. Hence, from Proposition (4.4), (Γ, γ) is right-
covariant as well. 
5.3. Quantum Monoidal Hom-Lie Algebra. Let (Γ, γ) be a bicovariant (H,α)-Hom-FODC
with associated right Hom-ideal R and finite dimensional quantum Hom-tangent space (T , τ),
where τ = α¯|T .
We define a linear mapping [−,−] : T ⊗ T → T by setting, for X,Y ∈ T ,
(5.19) [X,Y ](h) = (X ⊗ Y )(A˜dR(h)), ∀h ∈ H.
[X,Y ] ∈ T : Indeed, since A˜dR(R) ⊆ R ⊗ H by the previous proposition and any element of
T annihilates R by the definition of quantum Hom-tangent space, (X ⊗ Y )(A˜dR(h)) = 0 for all
h ∈ R, i.e., [X,Y ](h) = 0, ∀h ∈ R. We also obtain [X,Y ](1) = 0 since X(1) = 0 = Y (1). Thus
[X,Y ] ∈ T . Besides, we have
[τ(X), τ(Y )](h) = (X ◦ α−1 ⊗ Y ◦ α−1)(A˜dR(h))
= X(h12)Y (S(α
−1(h11))α
−2(h2))
= (X ⊗ Y )(A˜dR(α
−1(h))) = [X,Y ](α−1(h))
= τ([X,Y ])(h),
for any h ∈ H , which means [−,−] : T ⊗ T → T is a morphism in H˜(Mk).
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We now fix some notation. Suppose that < ·, · >: T × coHΓ → k is the bilinear form in the
Proposition 4.6. There exists a unique bilinear form < ·, · >2 : (T ⊗T )× coH(Γ⊗H Γ)→ k defined
by
(5.20) < X ⊗ Y, u⊗ v >2 =< X, u >< Y, v >
for X,Y ∈ T and u, v ∈ coHΓ, which is nondegenerate as the bilinear form < ·, · > is. If we
put B : Γ⊗H Γ→ Γ⊗H Γ for the Woronowicz’ braiding, then, for h, g ∈ H , we compute
B(ω(h)⊗H ω(g)) = γ(ω(α(g12)))⊗H γ
−1(ω(h))⊳ (S(g11)α
−1(g2))
= ω(α2(g12))⊗H γ
−1(ω(h)⊳ (S(α(g11))g2))
= ω(α2(g12))⊗H γ
−1(ω(h¯(S(α(g11))g2)))
= ω(α2(g12))⊗H ω(α−1(h)(S(g11)α
−1(g2))).(5.21)
With respect to the nondegenerate bilinear form < ·, · >2, we define the transpose Bt of B as a
linear map acting on T ⊗ T such that
< Bt(X ⊗ Y ), u⊗ v >2 =< X ⊗ Y,B(u⊗ v) >2 .
We now recall that the dual monoidal Hom-Hopf algebra (H◦, α◦) of (H,α) consists of function-
als f ∈ H ′ for which ∆H◦(f) = f1⊗f2 ∈ H ′⊗H ′ and the Hom-counit is given by εH◦(f) = f(1H).
Since, also ∆(f)(h⊗ g) := f(hg) for ∆(f) ∈ (H ⊗H)′ and h, g ∈ H , we have f(hg) = f1(h)f2(g).
α◦ is given by α◦(f) = f ◦ α−1 for f ∈ H◦. Hom-multiplication mH◦ is the convolution, i.e.,
mH◦(f ⊗ f
′)(h) = (ff ′)(h) = f(h1)f
′(h2) for f, f
′ ∈ H ′, h ∈ H and the Hom-unit is εH . The
antipode is given by S(f)(h) = f(S(h)) for f ∈ H◦ and h ∈ H . Since we assumed that TΓ is finite
dimensional, TΓ is contained in H
◦. Thus we have the following theorem in (H◦, α◦).
Theorem 5.8. For any X,Y, Z ∈ TΓ we have
(1) [X,Y ] = a˜dR(Y )(X) = XY −mH◦(Bt(X ⊗ Y )).
(2) Let χ =
∑
iXi ⊗ Yi for Xi, Yi ∈ T such that B
t(χ) = χ, then
∑
i[Xi, Yi] = 0.
(3) [τ(X), [Y, τ−1(Z)]] = [[X,Y ], Z] −
∑
i[[X, τ
−1(Zi)], τ(Yi)], where Yi, Zi ∈ T such that
Bt(Y ⊗ Z) =
∑
i Zi ⊗ Yi.
Proof. (1) For h ∈ H ,
a˜dR(Y )(X)(h) = ((S(Y1)τ
−1(X))τ(Y2))(h)
= (S(Y1)τ
−1(X))(h1)τ(Y2))(h2) = S(Y1)(h11)τ
−1(X)(h12)τ(Y2))(h2)
= Y1(S(h11))X(α(h12))Y2(α
−1(h2)) = X(α(h12))Y1(S(h11))Y2(α
−1(h2))
= X(α(h12))Y (S(h11)α
−1(h2)) = (X ⊗ Y )(α(h12)⊗ S(h11)α
−1(h2))
= (X ⊗ Y )(A˜dR(h)) = [X,Y ](h),
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which gives us the first equality. If we set the finite sum for Bt(X⊗Y ) =
∑
i Yi⊗Xi with
Xi, Yi ∈ T , then, for any h, g ∈ H ,
Bt(X ⊗ Y )(h⊗ g) =
∑
i
Yi(h)Xi(g) =
∑
i
< τ−1(Yi), ω(h) >< τ
−1(Xi), ω(g) >
= <
∑
i
τ−1(Yi)⊗ τ
−1(Xi), ω(h)⊗H ω(g) >2
= < Bt(τ−1(X)⊗ τ−1(Y )), ω(h)⊗H ω(g) >2
= < τ−1(X)⊗ τ−1(Y ), B(ω(h)⊗H ω(g)) >2
= < τ−1(X)⊗ τ−1(Y ), ω(α2(g12))⊗H ω(α−1(h)(S(g11)α
−1(g2))) >2
= < τ−1(X), ω(α2(g12)) >< τ
−1(Y ), ω(α−1(h)(S(g11)α
−1(g2))) >
= X(α2(g12))Y (α−1(h)(S(g11)α
−1(g2)))
= X(α2(g12))Y1(α−1(h))Y2(S(g11)α
−1(g2))
= Y1(α−1(h))X(α
2(g12))Y21(S(g11))Y22(α
−1(g2))
= τ(Y1)(h)S(Y21)(g11)X(α
2(g12))Y22(α
−1(g2))
= τ(Y1)(h)(S(Y21)τ
−2(X))(g1)τ(Y22)(g2)
= τ(Y1)(h)[(S(Y21)τ
−2(X))τ(Y22)](g)
= (τ(Y1)⊗ a˜dR(Y2)(τ
−1(X)))(h⊗ g),
where in the sixth equality we have used the equation 5.21. So, we have Bt(X ⊗ Y ) =
τ(Y1)⊗ a˜dR(Y2)(τ−1(X)). Hence, we make the following computation
mH′(B
t(X ⊗ Y )) = τ(Y1)a˜dR(Y2)(τ
−1(X))
= (τ(Y1)− εH◦(τ(Y1))1H◦)a˜dR(Y2)(τ
−1(X))
= τ(Y1)[(S(Y21)τ
−2(X))τ(Y22)]− (εH◦(Y1)1H◦)[(S(Y21)τ
−2(X))τ(Y22)]
= τ(Y1)[S(τ(Y21))(τ
−2(X)Y22)]− (εH◦(Y1)1H◦)((S(Y21)τ
−2(X))τ(Y22))
= (Y1S(τ(Y21)))τ(τ
−2(X)Y22)− (εH◦(Y1)1H◦)((S(Y21)τ
−2(X))τ(Y22))
= (τ(Y11)S(τ(Y12)))(τ
−1(X)Y2)− 1H◦([S(εH◦(Y11)Y12)τ
−2(X)]Y2)
= (εH◦(Y1)1H◦)(τ
−1(X)Y2)− (S(Y1)τ
−1(X))τ(Y2)
= 1H◦(τ
−1(XY ))− a˜dR(Y )(X)
= XY − a˜dR(Y )(X),
that is, we get a˜dR(Y )(X) = XY −mH′(B
t(X ⊗ Y )).
(2) It immediately follows from (1) that
∑
i[Xi, Yi] =
∑
iXiYi −mH′ (B
t(χ)) =
∑
iXiYi −∑
iXiYi = 0.
(3) Let us first set [X,Y ] = a˜dR(Y )(X) = X ⊳ Y . Then,
[[X,Y ], Z] = [X,Y ]⊳ Z = (X ⊳ Y )⊳ Z = τ(X)⊳ (Y τ−1(Z)) = [τ(X), Y τ−1(Z)].
Since, by (1), Y Z = [Y, Z] +
∑
i ZiYi for B
t(Y ⊗ Z) =
∑
i Zi ⊗ Yi, we have
COVARIANT DIFFERENTIAL CALCULUS OVER MONOIDAL HOM-HOPF ALGEBRAS 27
[[X,Y ], Z] = [τ(X), Y τ−1(Z)] = [τ(X), [Y, τ−1(Z)] +
∑
i
τ−1(Zi)Yi]
= [τ(X), [Y, τ−1(Z)]] +
∑
i
[τ(X), τ−1(Zi)Yi]
= [τ(X), [Y, τ−1(Z)]] +
∑
i
[[X, τ−1(Zi)], τ(Yi)],
that is, [τ(X), [Y, τ−1(Z)]] = [[X,Y ], Z]−
∑
i[[X, τ
−1(Zi)], τ(Yi)] holds.

Remark 5.9. If we take the braiding B as the flip operator, then Bt is the flip on T ⊗ T by its
definition. In this case, we obtain
[X,Y ] = XY − Y X, [X,Y ] + [Y,X ] = 0, ∀X,Y ∈ T
and
[τ(X), [Y, τ−1(Z)]] = [[X,Y ], Z]− [[X, τ−1(Z)], τ(Y )] = −[Z, [X,Y ]] + [τ(Y ), [X, τ−1(Z)]]
= −[Z, [X,Y ]]− [τ(Y ), [τ−1(Z), X ]].
Then, by replacing Z with τ(Z) in the above equality, we get
[τ(X), [Y, Z]] + [τ(Y ), [Z,X ]] + [τ(Z), [X,Y ]] = 0,
which is the Hom-Jacobi identity. In the above theorem, items (2) and (3) are the quantum
versions of the antisymmetry relation and the Hom-Jacobi identity. Therefore, (TΓ, τ) is called
the quantum Hom-Lie algebra of the bicovariant (H,α)-Hom-FODC.
6. Acknowledgments
The author would like to thank Professor Christian Lomp for his valuable suggestions. This
research was funded by the European Regional Development Fund through the programme COM-
PETE and by the Portuguese Government through the FCT- Fundac¸a˜o para a Cieˆncia e a Tec-
nologia under the project PEst-C/MAT/UI0144/2013. The author was supported by the grant
SFRH/BD/51171/2010.
References
[1] F. Ammar, A. Makhlouf, Hom-Lie superalgebras and Hom-Lie admissible superalgebras, J. Algebra 324 (2010),
1513-1528.
[2] S. Caenepeel, I. Goyvaerts, Monoidal Hom-Hopf algebras, Comm. Algebra 39 (2011), 2216-2240.
[3] Y. Y. Chen, Z. W. Wang, L. Y. Zhang, Integrals for monoidal Hom-Hopf algebras and their applications, J.
Math. Phys. 54 (2013), 073515.
[4] Y. Y. Chen, L. Y. Zhang, The category of Yetter-Drinfeld Hom-modules and the quantum Hom-Yang-Baxter
equation, J. Math. Phys. 55 (2014), 031702.
[5] A. Connes, Noncommutative geometry, Academic Press, New York, 1994.
[6] J. Cuntz, D. Quillen, Algebraic extensions and nonsingularity, J. Amer. Math. Soc. 8 (1995), 251-289.
[7] K. Dekkar, A. Makhlouf, Gerstenhaber-Schack cohomology for Hom-bialgebras and deformations, Comm.
Algebra 40 (2017), 4400-4428.
[8] A. Gohr, On Hom-algebras with surjective twisting, J. Algebra 324 (2010), 1483-1491.
28 SERKAN KARAC¸UHA
[9] S. J. Guo, X. L. Chen, A Maschke-type theorem for relative Hom-Hopf modules, Czech. Math. J. (2014) 64:
783.
[10] J. T. Hartwig, D. Larsson, S. D. Silvestrov, Deformations of Lie algebras using σ-derivations, J. Algebra 295
(2006), 314-361.
[11] S. Karac¸uha, Covariant bimodules over monoidal Hom-Hopf algebras, preprint arXiv: 1404.1296.
[12] L. Liu, B. L. Shen, Radford’s biproducts and Yetter-Drinfel’d modules for monoidal Hom-Hopf algebras, J.
Math. Phys. 55 (2014), 031701.
[13] A. Makhlouf, S. Silvestrov, Hom-algebra structures, J. Gen. Lie Theory Appl. 2(2) (2008), 51-64.
[14] A. Makhlouf, S. Silvestrov, Hom-Lie admissible Hom-coalgebras and Hom-Hopf algebras, Ch. 17, pp. 189-206,
in ”Generalized Lie Theory in Mathematics, Physics and Beyond” (Eds. S. Silvestrov, E. Paal, V. Abramov,
A. Stolin), Springer-Verlag, Berlin, 2008.
[15] A. Makhlouf, S. Silvestrov, Hom-algebras and Hom-coalgebras, J. Algebra Appl. 9(4) (2010), 553-589.
[16] A. Makhlouf, F. Panaite, Yetter-Drinfeld modules for Hom-bialgebras, J. Math. Phys. 55 (2014), 013501.
[17] S. X. Wang, S. J. Guo, Symmetries and the u-condition in Hom-Yetter-Drinfeld categories, J. Math. Phys.
2014, 55(8): 081708
[18] S.L. Woronowicz, Twisted SU(2) group. An example of a noncommutative differential calculus. Publ. Res.
Inst. Math. Sci. 23 (1987), 117-181
[19] S. L. Woronowicz, Compact matrix pseudogroups , Commun. Math. Phys. 111 (1987), 613-665.
[20] S. L. Woronowicz, Differential calculus on compact matrix pseudogroups (quantum groups), Commun. Math.
Phys. 122 (1989), 125-170.
[21] D. Yau, Hom-bialgebras and comodule Hom-algebras, Int. E. J. Algebra, 8 (2010), 45-64.
[22] D. Yau, Hom-algebras and homology, J. Lie Theory, 19 (2009), 409-421.
[23] D. Yau, Hom-quantum groups I: Quasitriangular Hom-bialgebras, J. Phys. A, 45 (2012), 065203.
[24] D. Yau, Hom-Yang-Baxter-equation, Hom-Lie algebras and quasitriangular bialgebras, J. Phys. A, 42 (2009),
165202.
Department of Mathematics, FCUP, University of Porto, Rua Campo Alegre 687, 4169-007 Porto,
Portugal
E-mail address: s.karacuha34@gmail.com, karacuha@itu.edu.tr
